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Exercise 3

Show that the wave equation has the following invariance properties.
(a) Any translate u(z — y,t), where y is fixed, is also a solution.
(b) Any derivative, say u,, of a solution is also a solution.

(¢) The dilated function u(ax, at) is also a solution, for any constant a.

Solution

Assume that u = u(x,t) is a solution to the wave equation. Then uy = c?ugz, is true.
Part (a)

Here we will show that u = u(z — y,t), where y is a constant, satisfies the wave equation. Let
z =x — y so that u = (z,t) and use the chain rule.

ou B oudz Ou ot B
oz 0200  Otos
0%u _ Oug 0z Oug Ot
922~ 92 0z ot 0w
ou B oudz Ouodt B
ot 0.0t Totor
0%u _ Oug 0z | Oug Ot

+77:utz'0+'lltt'1:utt

o2 0z Ot Ot Ot

Uy - 1+ up-0=u,

= Uz L+ Uz - 0=1u,,

Uy -0+ up - 1 =y

Substituting u., for u,, in the wave equation yields u; = c®u,.. Therefore, any translate of a
solution to the wave equation also satisfies it.

Part (b)

Here we will show that any derivative of u is a solution to the wave equation too. Let’s start with
u,. Take two derivatives with respect to t and take two derivatives with respect to x.

(ux)tt = Ugtt = Utte = (utt)m = (CQULB:E)(E = CQUmmx
(um):m: = Ugax

Hence, (uz)i = c(ug)zz, and the derivative with respect to z of a solution to the wave equation
also satisfies it. Now let’s consider u;. If we take the same derivatives, we get the following.

(Ut)tt = Uttt

1 1
(ut)m = Utgr = Ugzt = (Um)t = gutt . = Cjuttt

Hence, (ut)s = ¢?(ut)zz, and the derivative with respect to t of a solution to the wave equation
also satisfies it.
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Part (c)

Here we will show that the dilated function, v = u(az, at), is a solution to the wave equation as
well. Let r = ax and s = at so that u = u(r, s) and use the chain rule.

ou Oudr Ou0s
%:E%jt%%:ur-a—ku‘gﬂ:aur
0%u _ Oug Or  OQug Os
92 or 0z | s 0z
ou Oudr Ouds
52554—%5:%-0—}—%@:@%
d%u _ Oug Or | Ouy Os

— — =aug -0+ augs - a = a2u85

o2~ Or ot ' 0s Ot

2
= QUpr - @ + AUrg - 0 = @ Uypy

Substituting a?u,s for uy and a?u,, for ug, in the wave equation yields a?uss = c?a®u,.., which

means ugs = c>u,-. Therefore, the dilated function also satisfies the wave equation.
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